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(la) ( Radiative Transport
Equation)
Monte Carlo [8],
$I(t, x, \xi)$ $\xi$ $P_{N^{-}}$
[5,9]
2
$\Omega\subset \mathbb{R}^{d}(d=2,3)$ $\partial\Omega$ $S^{d-1}$ $\mathbb{R}^{d}$
$\{\xi\in \mathbb{R}^{d}||\xi|=1\}$ $n(x)$ $\partial\Omega$
$X=\Omega\cross S^{d-1}$ , $\Gamma_{-}=\{(x,\xi)\in\partial\Omega\cross S^{d-1}|n(x)\cdot\xi<0\}$ ,
$I=I(t, x, \xi)$ (1)
$\frac{1}{c(x)}\frac{\partial I}{\partial t}=-\xi\cdot\nabla_{x}I-(\mu_{s}(x)+\mu_{a}(x))I+\mu_{s}(x)\int_{S^{d-1}}p(x;\xi, \xi’)I(t, x, \xi’)d\sigma_{\xi’}$
for $t>0,$ $(x, \xi)\in X$ , (la)
$I(O, x, \xi)=I_{0}(x, \xi)$ for $(x, \xi)\in X$ , (lb)
$I(t, x, \xi)=I_{1}(t, x,\xi)$ for $t\geq 0,$ $(x, \xi)\in\Gamma_{-}$ . (lc)





$I$ $t\geq 0$ , $x\in\Omega$ $\xi\in S^{d-1}$ ( )
$c(x),$ $\mu_{s}(x),$ $\mu_{a}(x)$
$p(x;\xi, \xi’)$ $\xi’$ $\xi$
$p(x;\xi,\xi’)\geq 0$ , $\int_{S^{d-1}}p(x;\xi,\xi’)d\sigma_{\xi’}=1$ (2)
$p(x;\xi, \xi’)$ $\xi$ $\xi’$ $\theta$
$p(x;\xi, \xi’)=\tilde{p}(x;\theta)$
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2 $(d=2)$ 3 \S 6
$\Delta x_{1},$ $\triangle x_{2}$ $M$ $\triangle\theta=2\pi/M$ $k,$ $i,j,$ $n$
$t_{k}=k\triangle t$ , $x_{ij}=(i\triangle x_{1},j\triangle x_{2})$ ,
$\theta_{n}=n\triangle\theta$ , $\xi_{n}=(\xi_{n,1}, \xi_{n,2})=(\cos\theta_{n}, \sin\theta_{n})$ ,
$I(t_{k}, x_{ij}, \xi_{n})$ $I_{i,j_{n}}^{k}$,
$k$ $I^{k}=\{I_{i}^{k_{j_{n}}},,\}$
$(x_{ij}, \xi_{n})$ $A_{\triangle},$ $\Sigma_{\triangle},$ $K_{\triangle}$
$A_{\triangle}I_{i,j,n}^{k}=- \xi_{n,1}\frac{I_{i+1,j,n}^{k}-I_{i-1,j,n}^{k}}{2\Delta x_{1}}+|\xi_{n,1}|\frac{I_{i+1,j,n}^{k}-2I_{i,j,n}^{k}+I_{i-1,j,n}^{k}}{2\Delta x_{1}}$




$\frac{1}{c(x_{ij})}\frac{I_{i,j,n}^{k+1}-I_{i,j,n}^{k}}{\triangle t}=A_{\Delta}I_{i,j,n}^{k}-\Sigma_{\triangle}I_{i,j,n}^{k+1}+K_{\triangle}I_{i,j,n}^{k}$ for $k>0,$ $(x_{ij}, \xi_{n})\in X$ , (3a)
$I_{i,j,n}^{0}=I_{0}(x_{ij}, \xi_{n})$ for $(x_{ij}, \xi_{n})\in X$, (3b)
$I_{i,j,n}^{k}=I_{1}(t_{k}, x_{ij}, \xi_{n})$ for $k\geq 0,$ $(x_{ij}, \xi_{n})\in\Gamma_{-}$ . (3c)
3.1. $A_{\triangle}$ (la) $-\xi\cdot\nabla_{x}$
$\xi_{n,1}\geq 0,$ $\xi_{n,2}\geq 0$
$A_{\Delta}I_{i,j,n}^{k}=- \xi_{n,1}\frac{I_{i,j,n}^{k}-I_{i-1,j,n}^{k}}{\triangle x_{1}}-\xi_{n,2}\frac{I_{i,j,n}^{k}-I_{i,j-1,n}^{k}}{\triangle x_{2}}$
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4$\bullet$ $c(x),$ $\mu_{s}(x),$ $\mu_{a}(x)\in L^{\infty}(\Omega)$ $c^{+},$ $\mu_{s}^{+},$ $\mu_{a}^{+},$ $\mu_{\overline{a}}$







$\bullet$ $I_{0}(x, \xi)\in L^{\infty}(X),$ $I_{1}(t, x, \xi)\in L^{\infty}([0, oo) \cross\Gamma_{-})$
(3) ( )
[3].
41. ( ) $t,$ $\Delta x_{1},$ $\triangle x_{2},$ $\Delta\theta$
$\frac{c^{+}\triangle t}{\Delta x_{1}}+\frac{c^{+}\Delta t}{\triangle x_{2}}\leq 1$ , $\Vert\frac{\partial^{2}\tilde{p}}{\partial\theta^{2}}\Vert_{\infty}\Delta\theta^{2}\leq\frac{12}{\pi}\frac{\mu_{\overline{a}}}{\mu_{s}^{+}}$, (4)
$k\geq 0$
$\Vert I^{k}\Vert_{\infty}:=\sup_{:(j}|I_{i,j,n}^{k}|\leq\max\{\Vert I_{0}\Vert_{\infty}, \Vert I_{1}\Vert_{\infty}\}$ . (5)
$I_{0}(x, \xi)\geq 0,$ $I_{1}(t, x,\xi)\geq 0$ $k,$ $i,j,$ $n$ $I_{i}^{k_{j_{n}}},\geq 0$
$c(x_{ij}),$ $\mu_{s}(x_{ij}),$ $\mu_{a}(x_{ij}),\tilde{p}(x_{ij};\theta)$ $x_{ij}$ $c,$ $\mu_{s},$ $\mu_{a},\tilde{p}(\theta)$
(5) $k=0$ (5) $k$
$k+1$ $A_{\triangle}I_{i}^{k_{j,n}}$
$A_{\triangle}I_{i,j,n}^{k}=(- \frac{|\xi_{n,1}|}{\Delta x_{1}}-\frac{|\xi_{n,2}|}{\Delta x_{2}})I_{i,j,n}^{k}+B_{\triangle}I_{i,j,n}^{k}$ , $f_{-}^{\theta}$’
$B_{\Delta}I_{i,j,n}^{k}= \frac{(|\xi_{n,1}|-\xi_{n,1})I_{i+1,j,n}^{k}+(|\xi_{n,1}|+\xi_{n,1})I_{i-1,j,n}^{k}}{2\triangle x_{1}}$
$+ \frac{(|\xi_{n,2}|-\xi_{n,2})I_{i,j+1,n}^{k}+(|\xi_{n,2}|+\xi_{n,2})I_{i,j-1,n}^{k}}{2\Delta x_{2}}$ (6)
(3a)
$(1+c \triangle t(\mu_{s}+\mu_{a}))I_{i,j,n}^{k+1}=(1-|\xi_{n,1}|\frac{c\triangle t}{\triangle x_{1}}-|\xi_{n,2}|\frac{c\Delta t}{\Delta x_{2}})I_{i,j,n}^{k}$
$+c\triangle tB_{\triangle}I_{i,j,n}^{k}+c\Delta tK_{\triangle}I_{i,j,n}^{k}$ , $(x_{ij}, \xi_{n})\in X$, (7)
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(4) 1
$| \xi_{n,1}|\frac{c\Delta t}{\Delta x_{1}}+|\xi_{n,2}|\frac{c\triangle t}{\triangle x_{2}}\leq 1$
(6)
$|B_{\Delta}I_{i,j,n}^{k}| \leq(\frac{|\xi_{n,1}|}{\triangle x_{1}}+\frac{|\xi_{n,2}|}{\triangle x_{2}})\Vert I^{k}\Vert_{\infty}$
(7)
$(1+c\triangle t(\mu_{s}+\mu_{a}))|I_{i,j,n}^{k+1}|\leq\Vert I^{k}\Vert_{\infty}+c\Delta t|K_{\Delta}I_{i,j,n}^{k}|$ (8)
2 $2\pi$ $C^{2}$ $f(\theta)$
$| \int_{0}^{2\pi}f(\theta)d\theta-\sum_{m=0}^{M-1}f(\theta_{m})\triangle\theta|\leq\frac{\pi}{12}\Vert f’’\Vert_{\infty}\triangle\theta^{2}$





$(1+c\triangle t(\mu_{s}+\mu_{a}))|I_{i,j,n}^{k+1}|\leq(1+c\triangle t(\mu_{s}+\mu_{a}^{-}))\Vert I^{k}\Vert_{\infty}$ , $(x_{ij}, \xi_{n})\in X$
$\Omega$
$\mu_{a}^{-}\leq\mu_{a}$ $(x_{ij}, \xi_{n})\in\Gamma_{-}$ $|I_{i,j_{n}}^{k+1}|\leq\Vert I_{1}\Vert_{\infty}$
$\Vert I^{k+1}\Vert_{\infty}\leq\max\{\Vert I^{k}\Vert_{\infty}, \Vert I_{1}\Vert_{\infty}\}\leq\max\{\Vert I_{0}\Vert_{\infty}, \Vert I_{1}\Vert_{\infty}\}$
(7), $B_{\triangle},$ $K_{\triangle}$
42. ( ) (4) $\triangle t/\triangle x_{1},$ $\triangle t/\triangle x_{2}$
(1) $I(t, x, \xi)$
$[0, T]\cross(X\cup\Gamma_{-})$ $C^{2}$ 2
$\triangle t,$ $\triangle\theta$ $C$ $I^{k}=\{I_{i,j_{n}}^{k},\}$
$\Vert I(t_{k}, \cdot, \cdot)-I^{k}\Vert_{\infty}\leq C(\triangle t+\Delta\theta^{2})$ , $0\leq k\leq T/\triangle t$ ,
$I(t, x, \xi)$ (1)
(3a) $\tau_{i}^{k_{j_{n}}}$,
$\frac{1}{c}\frac{I(t_{k+1},x_{ij},\xi_{n})-I(t_{k},x_{ij},\xi_{n})}{\triangle t}$
$=A_{\triangle}I(t_{k}, x_{ij}, \xi_{n})-\Sigma_{\Delta}I(t_{k+1}, x_{ij},\xi_{n})+K_{\Delta}I(t_{k}, x_{ij}, \xi_{n})+\tau_{i,j,n}^{k}$ . (9)
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Taylor 2 $C_{T}$
$|\tau_{i,j,n}^{k}|\leq C_{T}(\Delta t+\Delta\theta^{2})$ , $0\leq k\leq T/\Delta t,$ $(x_{ij}, \xi_{n})\in X$ , (10)
$E_{i}^{k_{j_{n}}},=I(t_{k}, x_{ij}, \xi_{n})-I_{i}^{k_{j,n}}$ (9) (3a)
$k\geq 0,$ $(x_{ij}, \xi_{n})\in X$
$\frac{1}{c}\frac{E_{i,j,n}^{k+1}-E_{i,j,n}^{k}}{\Delta t}=A_{\triangle}E_{i,j,n}^{k}-\Sigma_{\triangle}E_{i,j,n}^{k+1}+K_{\triangle}E_{i,j,n}^{k}+\tau_{i,j,n}^{k}$
41 $k\geq 0$
$|E_{i,j,n}^{k+1}|\leq\Vert E^{k}\Vert_{\infty}+c\Delta t|\tau_{i,j,n}^{k}|$ , $(x_{ij}, \xi_{n})\in X$ , (11)
1 $E^{0}\Vert_{\infty}=0$ $(x_{ij}, \xi_{n})\in\Gamma_{-}$ $E_{i}^{k_{j_{n}}},=0$
(10) (11)
$\Vert E^{k}\Vert_{\infty}\leq kc^{+}\Delta tC_{T}(\triangle t+\Delta\theta^{2})\leq c^{+}TC_{T}(\triangle t+\Delta\theta^{2})$ , $0\leq k\leq T/\triangle t$ ,
5
$\Omega=[0,50]\cross[0,50]$ , $\mu_{a}=0.08$ , $\mu_{s}=1.09$ , $c=0.196$ ,
2 Poisson
$\tilde{p}(\theta)=\frac{1}{2\pi}\frac{1-g^{2}}{1-2g\cos\theta+g^{2}}$
$g=0.9$ $I_{0}(x, \xi)=0,$ $(x, \xi)\in\Omega\cross S^{1}$
$I_{1}(t, x, \xi)=\{\begin{array}{ll}\frac{1}{\sqrt{2\pi}\sigma}\exp(-\frac{(\theta-\pi/2)^{2}}{2\sigma^{2}}), -24.9\leq x_{1}\leq 25.1, x_{2}=0,0, otherwise,\end{array}$




$\triangle t=0.1,$ $\Delta x=\Delta y=0.1,$ $\Delta\theta=2\pi/60$
1, 2 1 $+$ $X_{i}j$ $I(t_{k}, x_{ij}, \xi_{n})$




$0$ 10 20 30 40 50 $0$ 10 20 30 40 50
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2: Contour of Light Intensity
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6 3
3 $\triangle t,$ $\Delta x_{1},$ $\triangle x_{2},$ $\triangle x_{3}$
$M_{\theta},$ $M_{\phi}$ $k,$ $i,j,$ $l,$ $m,$ $n$
$t_{k}=k\triangle t$ , $x_{ij\ell}=(i\triangle x_{1},j\Delta x_{2}, l\triangle x_{3})$ ,
$\triangle\theta=\frac{\pi}{M_{\theta}}$ , $\triangle\phi=\frac{2\pi}{M_{\phi}}$ , $\theta_{m}=m\triangle\theta$, $\phi_{n}=n\triangle\phi$ ,
$\xi_{mn}=(\xi_{mn,1}, \xi_{mn,2}, \xi_{mn,3})=(\sin\theta_{m}\cos\phi_{n}, \sin\theta_{m}\sin\phi_{n}, \cos\theta_{m})$ ,
$I$ ( $t_{k}$ , xijl, $\xi_{mn}$ ) $I_{i}^{k_{j,l,m,n}}$ $k$ $(x_{ijl}, \xi_{mn})$
$\{I_{i}^{k_{j,l,m,n}}\}$ $A_{\Delta},$ $\Sigma_{\Delta},$ $K_{\triangle}$
$A_{\Delta}I_{i,j,l,m,n}^{k}=$
$- \xi_{mn,1}\frac{I_{i+1,j,l,m,n}^{k}-I_{i-1,j,l,m,n}^{k}}{2\triangle x_{1}}+|\xi_{mn,1}|\frac{I_{i+1,j,l,m,n}^{k}-2I_{i,j,l,m,n}^{k}+I_{i-1,j,l,m,n}^{k}}{2\Delta x_{1}}$
$- \xi_{mn,2}\frac{I_{i,j+1,l,m,n}^{k}-I_{i,j-1,l,m,n}^{k}}{2\triangle x_{2}}+|\xi_{mn,2}|\frac{I_{i,j+1,l,m,n}^{k}-2I_{i,j,l,m,n}^{k}+I_{i,j-1,l,m,n}^{k}}{2\triangle x_{2}}$





for $k\geq 0,$ $(x_{ijl}, \xi_{mn})\in X$ ,
$I_{i,j,l,m,n}^{0}=I_{0}(x_{ijl}, \xi_{mn})$ for $(x_{ijl}, \xi_{mn})\in X$ ,
$I_{i,j,l,m,n}^{k}=I_{1}(x_{ijl}, \xi_{mn})$ for $k\geq 0,$ $(x_{ijl}, \xi_{mn})\in\Gamma_{-}$ .
41, 42 61, 62
6.1. ($d=3$ ) $c(x),$ $\mu_{s}(x),$ $\mu_{a}(x)$ $\tilde{p}(x;\theta)$
\S 4
$\frac{c^{+}\triangle t}{\triangle x_{1}}+\frac{c^{+}\triangle t}{\triangle x_{2}}+\frac{c^{+}\triangle t}{\triangle x_{3}}\leq 1$ ,
$\triangle\theta^{2_{(x,\xi)\in X,0}}\max_{\leq\theta\leq\pi,0\leq\phi\leq 2\pi}|\frac{\partial^{2}}{\partial\theta^{2}}p(x;\xi,\xi’(\theta, \phi))\sin\theta|$
$+ \triangle\phi^{2_{(x,\xi)\in X,0}}\max_{\leq\theta\leq\pi,0\leq\phi\leq 2\pi}|\frac{\partial^{2}}{\partial\phi^{2}}p(x;\xi,\xi’(\theta, \phi))\sin\theta|\leq\frac{6}{\pi^{2}}\frac{\mu_{\overline{a}}}{\mu_{s}^{+}}$ ,
$\Vert I^{k}\Vert_{\infty}\leq\max\{\Vert I_{0}\Vert_{\infty}, \Vert I_{1}\Vert_{\infty}\}$ , $k\geq 0$ ,
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$I_{0}(x,\xi)\geq 0,$ $I_{1}(t,x,\xi)\geq 0$ $k,i,j,$ $l,$ $m,$ $n$
$I_{i}^{k_{j,l,m,n}}\geq 0$
62. ($d=3$ ) $T$ (1) $0\leq t\leq T$
61 $\Delta t/\Delta x_{1},$ $\triangle t/\Delta x_{2},$ $\Delta t/\triangle x_{3}$
(1) $I(t, x, \xi)$ $[0, T]\cross(X\cup\Gamma_{-})$
$C^{2}$ 2 $\Delta t,$ $\Delta\theta,$ $\Delta\phi$
$C$
$\Vert I(t_{k}, \cdot, \cdot)-I^{k}\Vert_{\infty}\leq C(\Delta t+\Delta\theta^{2}+\Delta\phi^{2})$ , $0\leq k\leq T/\Delta t$ ,
(
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